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NEW GEOMETRIC FIXED POINT
THEOREMS

Milan R. Taskovié

Abstract. In this paper it is proved the following main result
that if T is a self-map on a complete metric space (X, p) and if there
exists an upper semicontinuous bounded above function G: X — R
such that

(A) plz, Te] < G(Tx) - G(z)

for every ¢ € X, then T has a fixed point in X. This paper presents
and some other results of this type.

1. Introduction and results

The notion of order, and the notion of completeness, have each led
to a fixed point statement. We now obtain geometric results of fixed points
based on an interplay of these two notions.

In recent years a great number of papers have presented considera-
tions of the well-known Caristi’s theorem, which is equivalent to Ekeland’s
minimization theorem.

This paper continues the study of the preceding results based on a
new geometry of a condition for fixed points.

Theorem 1. Let T be a self-map on a complete metric space (X, p).
Suppose that there erists a bounded above function G : X — R such that

(A) plz,Ta] < G(Tx) - G(2)

for everyz € X. If x — p[z,Tz] is a lower semicontinuous function, then
T has a fized point £ € X and T"x — &(n — o) for each ¢ € X.
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Proof. Let z be an arbitrary point in X. We can show then that
the sequence of iterates {T™z}, N is a Cauchy sequence. Let n and m
(n < m) be any positive integers. From (A’) we have

S plTiz, TH+a] < G(T™1z) - G(z)
1=0

and thus, since G is a bounded above functional, we obtain the following
fact:
m—1 i )
p[T"e, T™x] < plT z, T z] - 0 (m,n — 0).

i=n

Hence {T™z}, N is a Cauchy sequence in X and, by completeness,
there is £ € X such that T"z — £ (n — o0). Since z — p[z,T'z] is a lower
semicontinuous function at £,

pl€, T€] < lim .inf p[T"z, T"'2] = 0 .

Thus T¢ = £, and we have shown that for each z € X the sequence
{T™z},eN converges to a fixed point of T'. This completes the proof.

As an immediate application of the preceding statement, as a directly
consequence, we obtain the following fact.

Theorem la. LetT be a self-map on a complete metric space (X, p).
Suppose that there exist a bounded above function G : X — R and an
arbitrary fized integer k > 0 such that

ple, Tz] < G(Tz) — G(z) + - - + G(T*'z) — G(T*z)

and G(T%z) < G(T%*'z) for i = 0,1,...,k and for every z € X. If
z — plz,Tz) is lower semicontinuous, then T has a fized point £ € X .

We remark that the existence of a fixed point for a contractive map
T in a complete metric space (X,p) is a consequence of Theorem 1; for
if p[Tz,Ty] < aplz,y] with 0 < a < 1, we have p[Tz,T?%z] < aplz,Tz],
therefore

plz,Tz] — ap[z,Tz] < p[z,Tz] — p[Tz, T?z]

so, with the function G(z) := (@—1)"!p[z, Tz], the conditions of Theorem
1 are satisfied.
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We notice that the proof of Theorem 1 is given in a form without
Axiom of Choice. But, the following variant of Theorem 1 we give via
Zorn’s lemma in the following form.

Theorem 2. Let T be a self-map on a complete metric space (X, p).
Suppose that there exists an upper semicontinuous bounded above function
G : X — R such that

(A) ple, Ta] < G(Tz) - G(a)

for every x € X. Then T has a fized point in X.

A part proof for this statement is analogous to the proof of Theo-
rem 1. A brief proof of this statement based on the preceding facts and
D-Ordering Principle (dually form) may be found in Taskovié [6].

Proof of Theorem 2. (Application of Zorn’s lemma). Define a
relation <, on X by the folowing condition:

a 3¢, b if and only if p[a,b] < G(b) — G(a) .

It is to verify that <g, is a partial ordering (asymmetric and tran-
sitive relation) in X. The space X together with this partial ordering is
denoted by Xg .

Fix t € X and use Zorn’s lemma to obtain a maximal (relative
to set inclusion) chain M of X, containing t. Let M := {24}qes and
To 2G,p zp if and only if @ < § (e, € I), where I is totally ordered.

Now {G(zq)}«er is an increasing net bounded above in R, so there
exists 7 € R such that G(zo) — 7 as @ 1 0. Thus, as in the proof of
Theorem 1, we obtain that {z4}scr is a Cauchy net in X.

By completeness there is z € X such that z, — z as a@ T co. Since
G is upper semicontinuous we obtain that is lim.sup G(z,) < G(z). Also,
for a < 3,

plra, zp] < G(zp) — G(za) ,
and, letting 8 1 00, p[za, 2] < G(z) — G(z4) yielding z, <g,, z for a € I.
Since M is a maximal chain, we have £ € M. On the other hand, also,

(A) holds so it follows that

Ta 2Gp T 2gp Tz for a€l,
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and, by maximality, Tz € M. Therefore Tz <g, z and it follows that
Tz = x. The proof is complete.

As an immediate application of D-Ordering Principle (dually form)
we obtain the following directly generalization of Theorem 2.

Theorem 2a. Let T be a self-map on a complete metric space (X, p).
Suppose that there ezist an upper semicontinuous bounded above function
G : X — R and an arbitrary fized integer k > 0 such that

o[z, Tz] < G(Tz) — G(z) + ...+ G(TH** 1) — G(T*x)

and G(T%#z) < G(T*41z) for i = 0,1,...,k and for every = € X. Then
T has a fized point in X . _

An explicit suitable proof of this statement (based on the D-Ordering
Principle, dually form) may be found in Taskovié¢ [6].

In connection with the preceding, in 1975 J. Caristi proved the fol-
lowing important result in nonlinear functional analysis (see: Browder [1]).

Theorem 3. (Caristi [2], Kirk [4]). Let T be a self-map on a com-
plete metric space (X, p). Suppose that there ezxists a lower semicontinuous
function G : X — RS :=[0,+00) such that

(CK) plz,Tz] < G(z) - G(Tx)
for every z € X. Then T has a fized point in X .

Some remarks. We notice that the inequality (A) is not dually,
in comparable, with the inequality (CK). Thus implies that, Theorem 2 is
not dually result of Theorem 3, of course. This mean that Theorem 2 (as
and Theorem 1) is a totally new result in the geometric fixed point theory.

Otherwise, a variant of Theorem 3 (without the lower semicontinuity
for the functional G : X — RY) may be found in Taskovié [5].

2. Two open problems

Problem 1. Let T be a mapping of a complete metric space (X, d)
into itself. Suppose that there exist a bounded above function G : X — R,
a metric d, : X X X X R — R and an arbitrary fixed integer k£ > 0 such
that

dp(z,Tz) < G(Tz) — G(2) + - - - + G(TH*H 1) — G(T%2)
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and G(T%z) < G(T%*1z) for i = 0,1,...,k and for every z € X. If G is
an upper semicontinous function or z — d,(z,Tz) is a lower semicontinous
function, does T have a fixed point in the metric space X7

Problem 2. We notice that the preceding proof of Theorem 2 is
given via Zorn’s lemma. Does a new proof of Theorem 2 can be given
elementary without Axiom of Choice?

Some remarks. We notice that the preceding statements we can
modify in the following sence. Naimely, the next statement follows from
Theorem 1 as follows.

Theorem 1b. Let T be a self-map on a complete metric space
(X,p). Suppose that there exists a bounded above function G : X — R
such that for any = € X, with ¢ # Tz, there exists y € X\{z} with

property
(B) plz,y] < G(y) - G(z) .

If £ — p[z,Tz] is a lower semicontinuous function, then T has a
fized point in X.

On the other hand, as an immediately consequence of Theorem 2,
we obtain the following fact as follows.

Theorem 2b. Let T be a self-map on a complete metric space
(X, p). Suppose that there exists an upper semicontinuous bounded above
function G : X — R such that for any z € X, with ¢ # Tz, there exists
y € X\{z} with property (B). Then T has a fized point in X.

A brief suitable proof of this statement based on Zorn’ s lemma may
be found in Taskovié [5].
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